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Abstract. In this paper, we study the behavior of Ricci-flat Kahlcr metrics on Calabi- 
Yau manifolds under algebraic geometric surgeries: extremal transitions or flops. We 
prove a version of Candelas and de la Ossa's conjecture: Ricci-flat Calabi-Yau manifolds 
related by extremal transitions and flops can be connected by a path consisting of 
continuous families of Ricci-flat Calabi-Yau manifolds and a compact metric space in 
the Gromov-Hausdorff topology. In an essential step of the proof of our main result, the 
convergence of Ricci-flat Kahler metrics on Calabi-Yau manifolds along a smoothing is 
established, which can be of independent interests. 



1. Introduction 

A Calabi-Yau manifold M is a simply connected projective manifold with trivial 
canonical bundle Km — Om- In the 1970's, S.T.Yau proved Calabi's conjecture in [60] , 
which says that, for any Kahler class a G i/^'^(A/, R), there exists a unique Ricci-flat 
Kahler metric g on M with Kahler form a; G a. The study of Calabi-Yau manifolds 
became very interesting in the last three decades (cf. [62]). The convergence of Ricci- 
flat Calabi-Yau manifolds was studied from various perspectives (cf. [2] [Sj p] [13] [30] 
[36] [10] [55] [56] [57] [M] [59] [63] )• The goal of the present paper is to study the metric 
behavior of Calabi-Yau manifolds under some algebraic geometric surgeries. 

Let Mo be a singular projective normal variety with singular set S. Usually there 
are two type of desingularizations: one is a resolution {M,7t), i.e., M is a projective 
manifold, and vr is a morphism such that vf : M\Tt~^{S) — )■ Mq\S is bi-holomorphic. 
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The other is a smoothing (A^,7r) over the unit disc A C C, i.e., Ai is an [n + 1)- 
dimensional variety, vr is a proper flat morphism, Mq = 7r~^(0), and Mj = vr~^(t) is a 
smooth projective n-dimensional manifold for any t G A\{0}. If Mq admits a resolution 
(M, 7f) and a smoothing {A4,7r), the process of going from M to Mf, t 7^ 0, is called 
an extremal transition, denoted by M — ?■ Mq -w Mf. We call this process a conifold 
transition if Mq is a conifold, which is a normal variety Mq with only finite ordinary 
double points as singularities, i.e., any singular point is locally given by 

Zq + ■ ■ ■ + = 0, where dime Mq = n. 

If Mq admits two different resolutions (Mi,7fi) and {M2,7T2) with both exceptional sub- 
varieties of codimension at least 2, the process of going from Mi to M2 is called a flop, 
denoted hj Mi Mq --^ M2. 

Extremal transitions and flops are algebraic geometric surgeries providing ways to 
connect two topologically distinct projective manifolds, which is interesting in both 
mathematics and physics. In the minimal model program, all smooth minimal models 
of dimension 3 in a birational equivalence class are connected by a sequence of flops 
(cf. [37] [SH]). The famous Reid's fantasy conjectures that all Calabi-Yau threefolds are 
connected to each other by extremal transitions, possibly including non-Kahler Calabi- 
Yau threefolds, so as to form a huge connected web (cf. [15] [IZ]). There is also a 
projective version of this conjecture, the connectedness conjecture for moduli spaces for 
Calabi-Yau threefolds (cf. [28] [29] [47]). Furthermore, in physics, flops and extremal 
transitions are related to the topological change of the space-time in string theory (cf. [7] 
[T6] [27j [21] [S]). Readers are referred to the survey article [U] for topology, algebraic 
geometry, and even physics properties of extremal transitions. 

In [6], physicists P.Candelas and X.C.de la Ossa conjectured that extremal transitions 
and flops should be "continuous in the space of Ricci-flat Kahler metrics" , even though 
these processes involve topologically distinct Calabi-Yau manifolds. This conjecture was 
verified in [6] for the non-compact quadric cone Mq = {{zq, ■ ■ ■ , z^) E C^lz^-l — ■ + = 
0}. 

In the 1980's, Gromov introduced the notion of Gromov-Hausdorff distance den 
on the space X of isometric classes of all compact metric spaces (cf. [22]), such that 
{X,dGH) is a complete metric space (cf. [22] and Appendix A). This notion provides a 
framework to study the continuity of a family of compact metric spaces with possibly 
different topologies. The Gromov-Hausdorff topology provides a natural mathematical 
formulation of Candelas and de la Ossa's conjecture as follows: 
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i) If M — )■ Mq Mt, t G A\{0} C C, is an extremal transition among Calabi-Yau 
manifolds, then there exists a family of Ricci-flat Kahler metrics s G (0, 1), on 
M, and a family of Ricci-flat Kahler metrics gt on Mt satisfying that {(M, (7^)} 
and {{Mt^gtj} converge to a single compact metric space (X, dx) in the Gromov- 
Hausdorff topology, 

ii) If Ml — Mq M2 is a flop between two Calabi-Yau manifolds, then there are 
families of Ricci-fiat Kahler metrics cji^si s G (0, 1) on Mj {i = 1, 2) such that 

(Mi,^l,,) ^ ^ (M2,^2,s), s ^ 0, 

for a single compact metric space {X,dx)- 

Furthermore, in both cases X is homeomorphic to Mq and dx is induced by a Ricci-fiat 
Kahler metric on Mq\S. In the present paper, we shall prove i) and ii) of the above 
version of Candelas and de la Ossa's conjecture. 

Let Mq be a projective normal Cohen-Macaulay n-dimensional variety with singular 
set S, and let JCmq be the canonical sheaf of Mq ([SS])- In this paper, all varieties are 
assumed to be Cohen-Macaulay. We call Mq Gorenstein if )Cmo is a rank one locally free 
sheaf. Assume that Mq has only canonical singularities, i.e., Mq is Gorenstein, and for 
any resolution (M, vf), 

= ^*^Mo + ^ CLeE, ttE > 0, 

where E are effective exceptional divisors. Consider a resolution (M, vr) of Mq. If a is an 
ample class in the Picard group of Mq, Tt*a belongs the boundary of the Kahler cone of 
M. A resolution (M, n) of Mq is called a crepant resolution if /Cjv? = t^*^Mo and is called 
a small resolution if the exceptional subvariety 7f~^(5') satisfies dime tt~^{S) < n — 2. It 
is obvious that (M, vf) is crepant if it is a small resolution. If Mq admits a smoothing 
{Ai,7r) over a unit disc A C C with an ample line bundle £ on A^, then there is an 
embedding Ai A such that C"^ = 0/^{1)\m for some m > 1, vr is a proper 

surjection given by the restriction of the projection from CP^ x A to A, and the ranlc of 
TT^, is 1 on Ai\S. This implies that Mt, t G A\{0}, have the same underlying differential 
manifold M. Moreover, if £ is a line bundle on Ai such that the restriction of C on 
Mq is ample, then by Proposition 1.41 in [38] C is ample on 7r"^(A') where A' C A is a 
neighborhood of 0. 

A Calabi-Yau variety is a simply connected projective normal variety Mq with trivial 
canonical sheaf ICmq — and only canonical singularities. If a Calabi-Yau variety Mq 
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admits a crepant resolution (M,7f), then M is a Calabi-Yau manifold. Our first result 
proves i) in the above version of Candelas and de la Ossa's conjecture. 

Theorem 1.1. Let Mq be a Calabi-Yau n-variety with singular set S. Assume that 

i) Mo admits a smoothing vr : — )■ A over the unit disc A C C such that the 
relative canonical bundle ICm/a is trivial, i.e., JCm/a — C^x o-nd M. admits an 
ample line bundle C For any t G A\{0}, let cjt be the unique Ricci-flat Kdhler 
metric on Mt = 7r^^(t) with Kdhler form Ut G Ci{C)\Mf 

ii) Mo admits a crepant resolution (M,7r). Let {cjs} (s G (0, 1]) be a family of Ricci- 
flat Kdhler metrics with Kdhler classes lim[ci;s] = ti*Ci{C)\mo in iJ"'^'^(M, R), 
where Ug denotes the corresponding Kdhler form of cjs ■ 

Then there exists a compact length metric space {X, dx) such that 

\imdGH{{Mt,gt),{X,dx)) = \imdGH{{M,gs), {X,dx)) = 0. 

Furthermore, {X, dx) is isometric to the metric completion {Mq\S, dg) where g is a 
Ricci-flat Kdhler metric on Mq\S, and dg is Riemannian distance function of g. 

The following is a simple example from [27] for which Theorem 11.11 can apply. Let 
M be the complete intersection in CP^ x CP^ given by 

yoQ{zo, ■■■ ,Z4} + yii){zo, ■■■ , 2^4) = 0, yoz^ - yizs = 0, 

where zq,--- , z^ are homogeneous coordinates of CP^, yo,yi are homogeneous coordi- 
nates of CP^, and g and f) are generic homogeneous polynomials of degree 4. Then M 
is a crepant resolution of the quintic conifold Mq given by 

Z3Q{zo, ■■■ ,Zi) + Zi[){zo, ■■■ ,Zi) = 

(cf. [IZ]). Hence there is a conifold transition M — )■ Mq -w M for any smooth quintic 
M in CP^. Theorem 11.11 implies that there is a family of Ricci-fiat Kahler metrics gs 
[s G (0,1]) on M and a family of Ricci-fiat smooth quintic {Mt,gt) {t G A\{0}) such 
that Ml = M, and 

(Mt,~9t)'^{X,dx)i^iMr9s), 
for a compact metric space {X,dx)- 

Our second result proves ii) in the above version of Candelas and de la Ossa's con- 
jecture. 

Theorem 1.2. Let Mq be an n-dimensional Calabi-Yau variety with singular set S , and 
L be an ample line bundle. Assume that Mq admits two crepant resolutions (Mi,7fi) and 
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{M2,H2). Let {gi,s} (resp. {g2,s} s G (0, 1]^ be a family of Ricci-flat Kdhler metrics on 
Ml (resp. M2) with Kdhler classes lim[u}a,s] = ^a^i{^)! a = 1,2. Then there exists a 
compact length metric space {X, dx) such that 

limc/GH((Mi,^i,.), = limrfG//((M2,^2,.), = 0. 

Furthermore, (X, dx) is isometric to the metric completion {Mq\S, dg) where g is a 
Ricci-fiat Kdhler metric on Mq\S, and dg is the Riemannian distance function of g. 

Remark 1.3. The present arguments are inadequate to prove that X is homeomorphic 
to Mq in both Theorem 11.11 and Theorem II. 2[ Additional work is required. However, if 
Mq has only orbifold singularities, and ci(£) can be represented by an orbifold Kahler 
metric on Mq, then X is homeomorphic to Mq by Corollary 1.1 in [18]. 

We now begin to describe our approach to Theorem 11.11 and Theorem II. 2[ Let 
Mq be a normal n-dimensional projective variety with singular set S. For any p G S* 
and a small neighborhood Up C Mq of p, a pluri-subharmonic function v (resp. strongly 
pluri-subharmonic, and pluri-harmonic) on Up is an upper semi- continuous function with 
value in R U {— C)o} [v is not locally —00) such that v extends to a pluri-subharmonic 
function v (resp. strongly pluri-subharmonic, and pluri-harmonic) on a neighborhood 
of the image of some local embedding Up M> C™. We call v smooth if v is smooth. A 
form u on Mq is called a Kahler form, if a; is a smooth Kahler form in the usual sense 
on Mq\S and, for any p E S, there is a neighborhood Up and a continuous strongly 
pluri-subharmonic function v on Up such that u = \/—lddv on Upf]{MQ\S). We call 
CO smooth if v is smooth in the above sense. Otherwise, we call u a singular Kahler 
form. If VHmq denotes the sheaf of pluri-harmonic functions on Mq, then any Kahler 
form u represents a class [u] in H^{Mq,V'Hmo) i^^- Section 5.2 in [H]). We also have 
an analogue of Chern-Weil theory for line bundles on Mq (see [TS| for details). If £0 
is an ample line bundle on Mq, then there is an embedding Mq CP^ such that 
£™ = (9(l)|j\/(,, and the first Chern class ci(£o) can be presented by a smooth Kahler 
form; ci(£o) = ^[i^fsU/q] G H^{Mq,V'Hmo), where ups denotes the standard Fubini- 
Study Kahler form on CP^. 

In [18] (see also [65]), a generalized Calabi-Yau theorem was obtained, which says 
that if Mq is a Calabi-Yau variety, then for any ample line bundle Cq there is a unique 
Ricci-flat Kahler form u G Ci{Cq). We denote by g the corresponding Kahler metric of 
CO on Mq\S. If Mq admits a crepant resolution (M, vf), and G H^'^{M,M), s G (0, 1), 
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is a family of Kahler classes with limas = 7r*ci(£o); [SSj proved that 

(js > 7l*g, Us > 7t*UJ, S — 

in the C°°-sense on any compact subset K of M\7t~^{S), where cjs is the unique Ricci- 
flat Kahler metric with Kahler form Ug & c^s- Assume that Mq is a Calabi-Yau conifold 
and Mq admits a smoothing (A^,7r) satisfying that the relative canonical bundle 1Cm/a 
is trivial and that Ai admits an ample line bundle C such that C\mo = ^o- For any 
t G A\{0}, if Qt denotes the unique Ricci-flat Kahler metric on Mt = 7r~^(t) with Kahler 
form ijt G ci(£)|j\/j, |l8] proved that 

F*gt — > g, F*ujt — > u, when t ^ 0, 

in the C°°-sense on any compact subset K C Mo\S, where Ft : Mo\S — > Mt is a 
family of embeddings. If Mq is a Calabi-Yau variety (not necessarily a conifold) and Ai 
is smooth, then a subsequence-C°° convergence theorem for the Ricci-flat Kahler metric 
gt on Mt was obtained in [IS], i.e., there is a sequence tk G A\{0} such that tk — )■ 0, and 
Ftkdtk converges to (7 (/c — > 00) in the C°°-sense on any compact subset K C Mq\S. 

In the proof of Theorem 1.1, the following generalization of the convergence results 
in [IH] plays a significant role. 

Theorem 1.4. Let Mq be a Calabi-Yau n-variety (n>2) with singular set S. Assume 
that Mq admits a smoothing vr : — > A such that M. admits an ample line bundle C 
and the relative canonical bundle is trivial, i.e., /C^/a — Om- If gt denotes the unique 
Ricci-flat Kahler metric with Kahler form Cot G Ci{C)\Mt ^ //""^'^(Aff, M) (t G A\{0}j, 
and u denotes the unique singular Ricci-flat Kahler form on Mq with uj G ci{C)\mo G 
H\Mo,VnMo), then 

F*gt — > g, F*ut — > uj, when t 0, 

in the C°° -sense on any compact subset K C Mo\S, where Ft : Mq\S — )■ Mt is a 
smooth family of embeddings and g is the corresponding Kahler metric of uj on Mq\S . 
Furthermore, the diameter of {Mt,gt) (t G A\{0}^ satisfies 

diamg,{Mt) < D, 

where D > is a constant independent oft. 

Our proof of Theorem II. II is to show that {Mo\S, g) has a metric completion {X, dx) 
satisfying the property that both {{M,gs)} and {{Mt.gt)} converge to {X,dx) in the 
Gromov-Hausdorff topology when s — and t — )■ 0. The same method also proves 
Theorem O 
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As an application of Theorem 11.11 and Theorem 11.21 we shall explore the path con- 
nectedness properties of certain class of Ricci-flat Calabi-Yau threefolds. Inspired by 
string theory in physics, some physicists made a projective version of Reid's fantasy 
(cf. [7] [21] and [S]), the so-called connectedness conjecture, which is formulated more 
precisely in [28] (See also [29]). This conjecture says that there is a huge connected web 
r such that nodes of F consist of all deformation classes of Calabi-Yau threefolds, and 
two nodes are connected T>i — D2 if 2)i and D2 are related by an extremal transition, 
i.e., there is a Calabi-Yau 3- variety Mq that admits a crepant resolution M E Di and a 
smoothing {Ai, tt) satisfying vr~^(t) = Mt G D2 for any t G A\{0}. It was shown in [21], 
[T6] . [5] and [28] that many Calabi-Yau threefolds are connected to each other in the 
above sense. By combining the connectedness conjecture and Theorem 11.11 and Theorem 
II. 2[ we reach a metric version of connectedness conjecture as follows: if 1^2)3 denotes 
the set of Ricci-flat Calabi-Yau threefolds {M,g) with volume 1, then the closure ^2)3 
of ^2)3 in (X, den) is path connected, i.e., for any two points pi and p2 G (^2)3, there is 
a path 

7: [0,1] -^Cf3C 

such that pi = 7(0) and p2 = 7(1)- 

Given a class of Calabi-Yau 3-manifolds known to be connected by extremal transi- 
tions and flops in algebraic geometry. Theorem 11.11 and Theorem II. 21 can be used to show 
that the closure of the class of Calabi-Yau 3-manifolds is path connected in (X, ^g-//). 
In the minimal model program, it was proved that for any two Calabi-Yau 3-manifolds 
M and M' birational to each other, there is a sequence of flops connecting M and M' 
(cf. [37] [38]). In [21], it was shown that all complete intersection Calabi-Yau manifolds 
(CICY) of dimension 3 in products of projective spaces are connected by conifold tran- 
sitions. Furthermore, in [5] and [16] a large number of complete intersection Calabi-Yau 
3-manifolds in toric varieties were verified to be connected by extremal transitions, which 
include Calabi-Yau hypersurfaces in all toric manifolds obtained by resolving weighted 
projective 4-spaces. As a corollary of Theorem 11.11 and Theorem II. 2[ we obtain the 
following result. 

Corollary 1.5. For any Calabi-Yau manifold M, let 

= {{M,g) E X\ g is a Ricci — flat Kdhler metric on M with Volg(M) = 1}. 
i) If M is a three-dimensional Calabi-Yau manifold, and 

all Calabi—Yau manifolds M' birational to M 

then the closure 23971^/ of 'iSTIm in {X,dGH) is path connected. 



8 



Continuity of Extremal Transitions and Flops for Calabi-Yau Manifolds 



11 



Let 



U 



all CICY 3-manifolds M' 



in products of projective spaces 



Then the closure €^ of in (X, (Igh) is path connected. 
iii) There is a path connected component (t% 0/^2)3 C dcH) such that €^ C 
and €■% contains all {M,g), where M is a Calabi-Yau hypersurface in a toric 4- 
manifold obtained by resolving a weighted projective 4-space, and g is a Ricci-flat 
Kdhler metric of volume 1 on M . 

The study of metric behaviors under some algebraic geometric surgeries also arises 
from other perspectives, such as Kahler-Ricci flow (cf. [50] [51] [52] and [53]) and 
balanced metrics on non-Kahler Calabi-Yau threefolds (cf. [20] ). 

The rest of the paper is organized as follows: In Section 2, we bound from above of 
diameters of Ricci-fiat Calabi-Yau manifolds along a smoothing. In Section 3, we prove 
Theorem II. 4[ In Section 4, we establish a link between point-wise C°°-convergence of 
Riemannian metrics on a 'big' open subset and global Gromov-Hausdorff convergence. 
In Section 5, we prove Theorem 11.11 Theorem 11.21 and Corollary 11.51 In Appendix 
A, we supply basic properties on Gromov-Hausdorff convergence used in Section 4. In 
Appendix B (written by Mark Gross), some bounds for volumes of Calabi-Yau manifolds 
along a smoothing are provided which are used in the proof of Theorem II. 4[ 

Acknowledgement: The authors are grateful to Professor Mark Gross for writing 
Appendix B and very helpful discussions and suggestions. Some results of this paper 
were obtained during the second author's visiting of University of California, San Diego. 
The second author would like to thank Professor M. Gross and mathematics department 
of UCSD for the warm hospitality. The second author would like to thank Professor 
Wei-Dong Ruan for discussions with him during the second author's serving a postdoc 
position in Korea Advanced Institute of Science and Technology which contribute some 
arguments used in Section 5. 



2. A Priori Estimate 



In this section, we obtain an estimate for diameters of Ricci-flat Calabi-Yau manifolds 
along a smoothing, which plays a key role in our C°-estimate in the proof of Theorem 
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Theorem 2.1. Let Mq be a projective n- dimensional variety with singular set S. Assume 
that Mo admits a smoothing vr : — )■ A over the unit disc A C C such that Ai admits an 
ample line bundle C, and the relative canonical bundle is trivial, i.e., K,m/i\ — Om- Let 
Vtt be a relative holomorphic volume form, i.e., a nowhere vanishing section o/ZCx/a? 
and let gt be the unique Ricci-flat Kdhler metric with Kdhler form ujt G Ci{C)\Mt ^ 
H^^^{Mt,R), for t e A\{0}. Then the diameter of {Mt,gt) satisfies that 

JMt 

where D is a constant independent oft. 

Proof. Recall that M. is an (?7, + l)-dimensional variety with an embedding Ai ^ CP^ x 
A such that £™ = Ca(1)|x for an m > 1, vr is the restriction to M. of the projection 
from CP^ X A to A, which is a proper surjection such that the rank of vr* is 1 on M.\S. 
Then Mt = 7r^^(t) is a smooth Calabi-Yau manifold for any t G A\{0}. Denote 

1 

— — ^FSlMt^ 

m 

where ups is the standard Fubini-Study metric on CP^, and gt is the corresponding 
Kahler metric of Ut- Note that Ut satisfies the Monge- Ampere equation 

(2.1) w," = (-l)'#e"*l]t Aa, where e"' = 1/ ((-1)'^ /" ^ A 

where V = n\Volg^{Mt) is a constant independent of t. 

For p G Mq\S, there are coordinates Zq, - ■ ■ , 2;„ on a neighborhood U of p in such 
that t = n{zo, ■ ■ ■ , Zn) = zq and p = (0, ■ ■ ■ , 0). There is a > such that A^ x A" C U, 
where A^ = {|t| < ro} C A, A" = {\zj\ < ro, j = 1, ■ ■ ■ , n} C C", and {t} x A" C Mt. 
Note that locally uJt and ut are families of Kahler forms on A" C C", and there is a 
constant Ci independent of t such that 

(2.2) C^'ue <ujt< CiUjE, 

_ n 

where oje = \/—ldd ^ \zi\^ is the standard Euclidean Kahler form on A", and gE 

1=1 

denotes the corresponding Euclidean Kahler metric. We need the following fact, which 
is a simplified version of Lemma 1.3 in [T7]. For completeness, we shall sketch a proof. 

Lemma 2.2 (Lemma 1.3 in [H]). For any 6 > 0, and any t G A^\{0}, there is an open 
subset Ut^s of A'^ such that 

yo\gXUt,s) > Vol3,(A") - 5, diamg,{Ut,5) < C5~K 

where C is a constant independent oft. 
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Proof. Let dvE = {—l)^dz^ A dz^ A ■ ■ ■ A dz"" A dz^ be the standard Euclidean volume 
form on A" and for any xi,X2 G A", let [xi, X2] C A" be the segment connecting xi and 
X2- By Fubini's Theorem, the Cauchy-Schwarz inequality and (12. 2p . we have 

length^^ ( [xi , xa] fdvEixi) dvE {x2 ) 

A"x A" 

< \\x2-xi\\l; ds ti^^utiil - s)xi + SX2)dvE{xi)dvE{x2) 



JA"xA 



< 22"diamJ^(A")Vol,JA") / 



< C2 Ut Au 

I A" 



n-1 



< C2 Cut A Lol'~' = C, 

J Mt 

where C* is a constant independent of t. The second inequality is obtained by integrating 
first with respect to y = (1 — s)xi when s < |, then with respect to y = 8X2 when s > |, 
since dvE^Xi) < 2'^"dvE{y)- If 

St = {{xi,X2) G A" X A"|lengthJ([xi,X2]) > Cr^}, 

then Volg^x9£;(5't) < 6. Let St{xi) = {x2 G A"| (xi,X2) G St}, and let Qt = {xi G 
A" I Volg^{St{xi)) > iVolg^(A")}. By Fubini's Theorem, 

Vol,,(g,) < 25Vol;](A"), Vol,,(S,(x,)) < ^Vol,,(A"), 

foranyxi,X2 G A^VQ^. Thus (A"\5t(xi)) n(A"\'5t(x2)) is not empty. Uy G (A"\5t(a;i))n 
(A"\5t(x2)), then (x2,y) G (A" x A^)\St, and 

length|([xi,2/]U[y,X2]) <2C'r\ 

and therefore 

diamJ(A"\gO < 2C6-\ 

If we denote Ut^s = A"\Qt, then by (12. 2 p we derive 

Vol,,(A"\f/,,5) = Vol,,(Q,) < C,Vo\,,{Qt) < 2C3Vol;](A")5, 

where C3 > is a constant independent of t. By replacing 6 with (2C3)^^Volg^(A")5, 
we obtain the desired conclusion. □ 



We return to the proof of Theorem 12. 1[ Let 6t = |Volgj(A"), and let pt G Ut^Sf By 
(1221) , we get 

5,>^Vol,,(A") = 5 
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and thus Ut^s^ C Bg^{pt,r), where r = max{l, 2C*5~^} and C is the constant in Lemma 
12.21 Since U C Ai\S, there is a constant > such that 

on t/ n Mf By I^Jij, we derive 



YokXB-,XPur))>Vo\sMA) = M^^- / Q^A^t 



> 



Kue 



> ^Vol,,(A") 

> C5e'^'Vol,,(A") = C6e'^S 

where Cq is a constant independent oft. By Bishop-Gromov relative volume comparison, 
we obtain 

Vol,,(%(p„l)) > ^Vol,,(%(p„r)) > ^e-. 
In the rest of the proof, we need the following lemma. 

Lemma 2.3 ( Theorem 4.1 of Chapter 1 in [19] and Lemma 2.3 in [13]). Let {M,g) be a 
2n- dimensional compact Riemannian manifold with nonnegative Ricci curvature. Then 
for any p ^ M and any 1 < R < diamg(M), we have 

Vo\giBg{p,2R + 2)) ^ R-1 
Vo\giBg{p,l)) - 2n 

By letting R = |diam^j(M(), we obtain 

diam,,(M,) < 2 + 8n ^fg^f \ < 2 + De"-, 
where D is a constant independent of t. We conclude the proof by (12.11) . □ 

The following is a consequence of Theorem 12.11 and Theorem IB. II 

Corollary 2.4. Let Mq, A4, C, Qt, o-nd gt be as in Theorem \2.1\ If in addition we 
assume that Mq is a Calabi-Yau n-variety, then the diameter of {Mt,gt) has a uniform 
bound 

where D is a constant independent oft. 
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3. Proof of Theorem 11.41 



Let Mo be an ra-dimensional Calabi-Yau variety with singular set S. Assume that 
Mq admits a smoothing vr : — )■ A over the unit disc A C C such that Ai admits 
an ample line bundle C, and the relative canonical bundle is trivial, i.e., 1Cm/a — ^m- 
Following the discussion at the beginning of the proof of Theorem 12.11 let 

oJt = uJh\Mt = —^^Fs\Mt, and Uh = V^ddltl"^ + —ups, 
m m 

for any t E A, where cops the standard Fubini-Study metric on CP^, and gt is the 

corresponding Kahler metric of Ut- Let Qt be a relative holomorphic volume form, i.e., a 

nowhere vanishing section of /C_m/a- Yau's proof of Calabi's conjecture ([60]) asserts that 

there is a unique Ricci-flat Kahler metric gt with Kahler form Ut € [ut] = Ci(£)|j\/j G 

if^'^(Mt,]R) for t G A\{0}, i.e., there is a unique function (ft on Mj satisfying that 

a)t = + \/—lddipt, and 

(3.1) {ujt + V^ddifitT = {-l)'^e'''ntAnt, with sup(^t = 

Mt 



where 



„2 



at = log [n\V {{-!)- / ^tA^t 

'Mt 



,-1 



and V = Vo\-g,{Mt). 

By Theorem [B.l\ on Mt we have 

(3.2) {-l)'^ntAUt>KUt, 
and 



(3.3) / (-l)-aAfit<A, 

where k > and A > are constants independent of t G A\{0}. Thus there is a 
constant Ci > independent of t such that 

(3.4) < Cf^ < e"' < Ci. 

Note that [Mt,gt) satisfies that 

RiCg, = 0, VohgXMt) = V, and diamg,(Mf) < D, 

where the upper bound of diameters is from Corollary 12. 4[ By [15], [21] and [39], {Mt, gt) 
has uniform Sobolev constants, i.e., constants Csa > and Cs,2 > independent of t 
such that for any t ^ and any smooth function x on Mt, 

(3.5) ^^^K^ist) - ^^'1(11^^11^^(50 + Mhist))^ 
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if Jm, Xdvg, = 0, 
(3.6) \\x\\l^^_^^^<Cs4dx\\U,,. 

Now following the standard Moser iteration argument in [60] with a trick inspired by 
[55], we are able to get a uniform C°-estimate of the potential function ipf. 

Lemma 3.1. There is a constant C > independent of t E A\{0} such that 

\\Vt\\cO{Mt) < C. 



Proof. Let 



ft = log I — ) , ^t= I ^tdv-g, - cpt. 



Mt 



Then fl3.ip shows that 

u]^ = e-^'ul = {ut + y/^ddiftT, with / iftdv-g, = 0. 

JMt 

By (13.21) and (13.40 . there is a constant C2 > independent of t such that 

Now we follow the standard Moser iteration argument in [60] (cf. [1]). 
A direct calculation shows that 

(3.7) / \dMl\^dVg,<-P^ j \1 - e^^^tr'dvg, < Ap [ l^tr'dv 

JMt ~ ^) JMt JMt 



for any p >2 (cf. (15) in Chapter 7 of [1]), where A > is a constant independent of t. 
For p = 2, by (13. 6p . (13. 7p and Holder's inequality we see that 

< 2ACs,2 [ \^t\dvg, 

JMt 



and thus 



\^t\\ 4n < C, 
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where C* is a constant independent of t. For p > 2, by (13. 5p . f l3.7p and Holder's inequality 
we see that 



< c5,i(Mr^ + ii^*iiL.(5,))ii'^tirL4)- 



1 



1 1 



Let Po = Pk+i = ^Pk (fc > 0), let Co = C and let C^+i = C',';,ipkAV^ + l)^Ck 



1 1 1 



if Ck > 1. Otherwise, let Ck+i = C^'^^ipkAV^k + l)pk . Then \\^t\\LPk(gt) < Ck < C3, a 
constant C3 > independent of k and t. By letting — )■ 00, we have 

Since there is a G Mj such that (pt{pt) = 0, we have 



< C3, and ||v5f||cO{A/i) < C, 



where C > is a constant independent of t. □ 

The C^-estimate for ift is obtained by the same arguments as in proof of Lemma 5.2 
in [H]. For the completeness, we present it here. 



Lemma 3.2. For any compact subset K C M.\S, there exists a constant Ck > 
independent oft such that on K H Mt, 

Cut <0Jt< CxUt, 
where C > is a constant independent oft and K. 

Proof. Let ■ {Mt, Ut) — > (CP^, ^cops) be the inclusion map induced by M C CP^ x 
A. The Chern-Lu inequality says 



A^,log|9V;i|^> 



2 ^ Ric<i, {dipt , dipt ) Sec , dipt , dipt , dipt ] 



Idiptl"^ Idiptl"^ 

where Sec denotes the holomorphic bi-sectional curvature of ^ups (cf. [HI])- Note that 
iploops = ^t, \dipt\'^ = ticj^iptoops = tr^.wt = n - A^^ipt and Ric^^ = 0. Thus we have 
that 

Ai,j(logtr^ja;t - 2R(pt) > -2Rn + Riicjt^f 
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where i? is a constant depending only the upper bound of Sec. By the maximum principle 



and Lemma [3. H there is an x G Mj such that tr^jtUt^x) < 2n, 

ti^^ut < 2ne2^('^*^'^*(^)) < C and Ut < Cut, 

where C > is a constant independent of t. Note that for any compact subset K C 
J^\S, by (13 ■4p and the compactness of K there exists a constant > independent 
of t such that on K n Mt 



Then we obtain that 



= e"*(-l)'^a A fit < C^'C^r- 
Cut <u;t< Ckuji- 

□ 

Now we are ready to prove Theorem 11.41 
Proof of Theorem l.^. In [18], it is proved that there is a unique bounded function (p^ 



on Mq such that ipQ is smooth on Mq\S and satisfies 

(3.8) (wo + v^99(^o)" = (-l)'^e'^°fioAno, sup(^o = 0, 

Mo 

in the distribution sense, where (Tq is a constant. Note that u = Uq + \^—lddipo is the 
unique singular Ricci-flat Kahler form with ||<^o||l°° ^ C. Let F : {Mq\S) x A — y 
be a smooth embedding such that F((Mo\S') x {t}) c Mt and -F|(Mo\5)x{o} • ^o\'S' — > 
Mq\S is the identity map. Let Ki C ■ ■ ■ C Ki C ■ ■ ■ C Mq\S be a sequence of compact 
subsets such that Mo\S = [jKi- On a fixed Ki, the embedding map 

i 

satisfies that F^_^^uJt C°°-converges to loq, and dF^^^JtdFKi,t C°°-converges to Jq, where 
Jt (resp. Jo) is the complex structure on Mt (resp. Mq). 

For a fixed Ki, let K he a, compact subset of A4.\S such that FK^^tki^i) C K for 
\tk\ ^ 1. By (13. 4p . Lemma [3TT] and Lemma [3l2| there exist constants C > and Ck > 
independent of t such that C^"*^ < o"t < C, ||v5t||c;o(A/t) < C*? and C^^Ut < uJt+\/—ldd(pt < 
CxUJt on K. By Theorem 17.14 in [31], we have that ||</3i||c2>"(AftnE') < C'jt for a constant 
> 0. Furthermore, by the standard bootstrapping argument we have that for any 
/ > 0, ||v5t||c''>a(A/tnii') < Ck,i for constants Ck,i > independent of t. By the standard 
diagonal arguments and passing to a subsequence, we see that F^, t.Vtk C°°-converges 
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to a smooth function (/?o on Mq\S with ||v^o||l°o < C and that at^. converges to a ao, 
which satisfies 

Hence coq = coq + \^^dd(po is a Ricci-fiat Kahler form on Mq\S with ||v5o||l°° < C. 
By the uniqueness of the solution of (13. 8p . ipo = 0o and = ctq. The uniqueness of u 
and the standard compactness argument imply that F'\*M^\sx{t}^i (resp. ^^\*Mg\sx{t}9i) 
C°°-converges to u (resp. g) when t 0. 

The diameter estimate is obtained by Corollary 12.41 □ 

4. An Almost Gauge Fixing Theorem 

Let M be a compact n-manifold, and let gk be a sequence of Riemannian metrics on 
M. Assume that the Ricci curvature, volume and diameter of gk satisfy 

i) |Ric(^fc)| < 1, Volg,(M) > 1/ > and diamg^(M) < D. 

By the Gromov's pre-compactness theorem, we may assume 

ii) {M,gk) {X,dx), where {X,dx) is a compact metric space. 
Suppose, in addition, 

iii) E is a. closed subset of Hausdorff dimension < n — 2, and there is a (non-complete) 
Riemannian metric g^o on M\E such that gk converges to g^a in the C°°-sense on any 
compact subset K C M\E. 

Because M\E is path connected, g^o induces the the Riemannian distance structure 
defined by 

dg^{x,y) = inf {length^^(7), 7 : [0, 1] ^ M\E, 7(0) = x,7(l) = y}- 

7 continuous 

Let {M\E,goo) denote the metric completion of {M\E,dg^). Let Sx C X denote the 
subset consisting of points x E X such that there is a sequence Xk E E C (M, gk) and 
Xk ^ X (see comments at the end of Appendix A). It is clear that Sx C A is a closed 
subset and thus Sx is compact. 

The main effort of this section is to prove the following result. 

Theorem 4.1. Let M , gk, goo, dgoa, ^, (^5 ^^x) o-nd Sx be as above. Then there is a con- 
tinuous surjection f : {M\E,dg^) -> {X,dx) such that f : {M\E,dg^) — )■ {X\Sx,dx) 
is a homeomeomorphism and a local isometry, i.e., for any x G M\E, there is an open 
neighborhood ofx, U C M\E, such that f : {U,dg^\u) — t- {f{U),dx\f(u)) is an isometry. 
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Proof. We first construct a dense subset A C X\Sx and define a local isometric em- 
bedding h : {A,dx) — > (^\-^5^3oo) such that f{A) is dense. Then we will show that 
/ = : h{A) — X\Sx extends uniquely to a continuous surjection / : {M\E,goo) — )■ 
{X, dx) such that / is a homeomorphism and a local isometric embedding on {M\E, dg^). 

Without loss of generality we may assume that for all k > j, dcHiiM, g^), (M, gj)) < 
2~K Let (pj : (M, gfj+i) — > {M,gj) denote an 2~-'-Gromov-Hausdorff approximation. 

Then 0f ^ = 0^. o . . . o : (M, ^ (M, ^ ^ (M, is an 2-^+^- 

Gromov-Hausdorff approximation. Recall that there is an admissible metric dz on the 

oo dz H 

disjoint union Z = ( ]J (M, gk)) Y[{X, dx) such that (M, gk) — ^ {X, dx) (see Appendix 
fc=i 

A, Proposition A.l). 

Let ej = j = 1,2, ■ ■ ■ . For ei and each gk, take a finite ei-net {xf^} C {M\E, gk) 
such that 

(4.1) |{4}l<ci, and 



(4.2) dg,i{x1j,E)>'j, where rf,,({4}' ^) = mmK,(x^^ y), G {xfj, y G i?}. 

We may assume, passing to a subsequence if necessary, that {xf^} {^ii}il=i C 
(X, (ix), where Ci = Then by (14. 2p . {xj^}^^^^^ C X\S'x. We claim that there is 

ki > such that for all k > ki, {0^^(xfj} C Ki = M\Bg-^{E, ^), a compact subset. 
Here Bg-^ {E, ^) = {y E M\dg-^ {y, E) < ^}. Assuming the claim, by iii) we may assume 
that passing to a subsequence {0^^(xfj} — ?■ {yi^}1[=i C {M\E,g^) point-wise, and we 
denote the corresponding subsequence by {gki) C {gk}- 

To verify the claim, we may assume ki large so that for all k >ki, 

dzA{<},{^^A)<'j, 2-^1 « 61. 

For the sake of distinction, let Eq = E C {M,gk^). Then 
d,,S^<PUO}^Eo) = dz,HmMJ}.Eo) 

> dzMi^'iy^E,) - dzM{4}A<i>iK)}) 



> 


y - [dz,Hi{Xi^},{Xi, 


})+rfz,H({0t(4)}.{^n})] 


> 


ei 
2 


'j + dzA{<Pi 


«)},{4}) + ^z,/.(K},{x,j)" 


> 


1- 


ffi + !i + 2-^1 


)>-• 






U 9 


/ - 4 
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For 62 and each gk^, extend {x'^^} to an e2-dense subset of {M\E, gk^), {x'^^} C {x^^}, 
such that for all gk^ 

(4.3) ci,,^(4\xg)>|, |{a;S}|<4 and 

(4.4) rf..,({^5},i^)>|. 

Similarly, by (14. 3 p and f l4.4p . passing to a subsequence we may assume that {x^^} 
{xi^} C {X\Sx,dx). Clearly, {xjj C {aJiJ-^'^i, where cs = KxjJI. By the ar- 
gument as in the above, we may assume large /c2 > ki such that for all k > k2, 
{4>l^ix'U} C K2 = {M\Bg^^{E,^)). By the compactness of K2 and iii), we may as- 
sume that {0^2 (-^t)} ~^ {yi2}il=i ^ {^\E^dg^) point-wise. The natural identification 
^tS^ii) ^ 'Pistil) induces an injective map, {t/jj {yi^}. 

Repeating this process and together with a standard diagonal argument, we obtain 
a sequence of finite subsets of {X\Sx, dx)'- 

{x^.Yii^^ c ■■■ c {^^s}Z=i c ••• ' 

and a sequence of finite subsets of {M\E, goo)'- 

(4.5) {y^AZ=l-^■■■-^{ydZ=l^■■■■ 

00 00 

Let A = U{^«s}il=i' ^nd Afc; = IJ{^t'Kr=i- Since A/^^ is dense in {M\E,gk^) for all 

s=l " s=l 

ki, A C {X\Sx,dx) is a dense subset. Let Y denote the direct limit of (14. 5p . Then 
Y CM - E. We now define a map, f : A {M\E, g^) by 

f{xis) = [vis] = {y^s >■■■}■ 

It is clear that / is injective since / is injective on each and f{A) is dense in 

{M\E,goo). From the construction of /, we see that / is a local isometric embedding: 
for X ^ A we may assume that x = Xi^. Since ^ Sx which is compact subset of X, 
there is a r > such that Bd^{xi^,r) n Sx = ^- Recall that we may assume ky large 
and {x^'J C K and (x^j) — j- point- wise with respect to dg^, where K C M is 
compact such that K (1 E = ^. Clearly, we may assume that r small and a compact 
subset K' ^ K such that Bg^{[yi^],r) C K' and K'nE = 0. By iii), {K', gk,) {K', g^) 
in the C°°-sense. Observe the following two facts: 

(4.5) For z,z' E -Bg^([?/iJ, |), any (^oo-minimal geodesic from z to z' is contained in 
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(4.6) dgjBg^([y,^v^) (resp. dx\B{xj^)) is determined by the lengths of curves in 5g^([?/i J, r) 
(resp. Bdx{.Xi^,r)). The two length structures coincide, because {K',gk) — )■ {K',goo) in 
the C°° sense. As a consequence of (4.5) and (4.6), we conclude that 

is an isometry. 

To uniquely extend f : A —> {M\E,goo) to a continuous surjection / : {X,dx) — ?■ 
{M\E,dg^), one needs to show that {xj},{yj} C A such that dx{xj,yj) implies 
that dg^{f{xj),f{yj)) 0; which may require that Sx C X has codimension at least 
2. Because we do not know whether dim-^(5'x) < dim-^(X) — 2, we will instead extend 
: f{A) — !■ A to a continuous map, /"^ : (M\E, dg^) — > (X, dx)- So, we may assume 
that {xj}, {yj} C f{A) such that dg^{xj,yj) — 0. Since dg^ is a length metric, there is 
a path 7j C M\E from Xj to yj such that length^^ (7^) = dg^{xj, yj) + 5j and 6j — 0. 
Since : {M\E,dg^) — )■ (X\5'x,(ix) is a local isometric embedding, 

dx{f~\xj)J-\yj)) < lengthrf^(/(7i)) = length^^^ (7^) = dg^{xj,yj) + (5^- ^ 0. 

□ 



5. Proofs of Theorem II. 1L Theorem 11.21 and Corollary 11.51 

Let Mq be a Calabi-Yau n-variety with singular set S which admits a crepant res- 
olution (M, vr), and let Cq be an ample line bundle on Mq. Note that there is an 
embedding Mq CP^ such that = 0{1)\mo for an m > 1, and that the restriction 
of the Fubini-Study metric ujfsImo represents mci(£o) in H^{Mo,V'Hmo)- By Theo- 
rem 7.5 of [18], there is a unique Ricci-fiat Kahler metric g on Mq with Kahler form 
oj G ci(£o)- Let {cjs} {s G (0, 1]) be a family of Ricci-fiat Kahler metrics with Kahler 
classes lim[c(}s] = 7f*ci(£o) in i/^'^(M, M), where Ug denotes the corresponding Kahler 
form of cjs- Then 

(5.1) lim Vol,^(M) = ^c^(£o) = ^ / c^f5 > 0- 

Furthermore, it is proved in [55] that 

(jg — y 7t*g, and Ug — > Tt*uj, when s — 0, 

in the C°°-sense on any compact subset K CC M\7r~^{S). By [H] and [55], the diameter 
of {M,gg) has a uniform bound, i.e., 

(5.2) diamg^(M)<C 
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where C is a constant independent of s. By the Bishop- Gromov relative volume com- 
parison and fl5.ip . {M,gs) is non-collapsed, i.e., there is a constant k > independent 
of s such that 

(5.3) Vo\gXBg^{p,r))>Kr'-, 

for any metric ball Bg^{p,r) C {M,gs). Gromov's pre-compactness theorem (cf. [22] ) 
implies that, for any sequence — > 0, a subsequence of (M, gs^) converges to a compact 
length metric space (X, dx) in the Gromov-Hausdorff topology. First, we explore some 
metric properties of (X, dx)- 

Lemma 5.1. Let {X,dx) be as in the above. Then the following properties hold: 

i) there is a closed subset Sx C X of Hausdorff dimension dim-^ Sx < 2n — 4, and 
{X\Sx,dx\x\Sx) ^ metric space, i.e., for any 5 > and any two points 
Xi,X2 G X\Sx, there is a cure '-fs C X\Sx connecting Xi and X2 satisfying 

length^^(75) < dx{xi, Xa) + S, 

ii) there is a homeomorphic local isometry f : {X\Sx,dx) {Mo\S,dg), i.e., for 
X G X\Sx, there is an open subset Ux <ZC X\Sx such that for any xi, X2 G Ux, 
dx{xi,X2) = dg{f{xi)J{x2)). 

iii) {X^dx) is isometric to the metric completion {Mo\S,dg). 

Proof. Applying general theorems in [10], [13] and [12] to our situation, i.e., (M, (jsj 
{X,dx), we see the following properties: 

i) there is a closed subset 5" C X of Hausdorff dimension dim-^ S' < 2n — 4 such 
that for any x G 5", there is a tangent cone TxX that is not isometric to M^"". 

ii) X\S' is a smooth open complex manifold, and dx\x\s' is induced by a Ricci-fiat 
Kahler metric g^o on X\S'. 

From Section 3 of [TT], we see that for any Xi,X2 G X\S', and any 6 > 0, there is a 
curve 75 connecting Xi and X2 in X\S' such that 

lengthrf_^ (75) <6 + dx{xi,X2). 

Note that 7r~^{S) is a finite disjoint union of complex subvarieties Ei, i.e., vr ^{S) = 
Y[Ei. If Sx <^ X denotes the subset consisting of points x G X such that for each 
k there is an Xk in the smooth part of n~^{S) C {M,gsJ and Xk ^ x under the 
Gromov-Hausdorff convergence of {(M,^?^^)} to {X,dx), then by Theorem 14.11 there is 
a homeomorphic local isometry / : {X\Sx,dx) — ?■ {Mo\S,g). Thus, for any x G X\Sx, 
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the tangent cone T^X is unique and isometric to M^", which imphes that X\Sx ^ X\S', 
i.e., S' ^Sx. 

We claim that Sx = S'. If false, there is a x G Sx\S' and there is a cr > such that 
the metric ball Bg^{x,a) C X\S'. By the volume convergence theorem due to Cheeger 
and Colding (cf. [5], [ID]) and from Xk — )■ x, we derive that for any < p < a, 

lim Volg (Sg (Xfc,p)) = V0\g^{Bg^{X,p)). 

Since Oqo is a smooth metric, lim I v°^9°° i^3<:^i^>p)) _ii _ where zu2n denotes the volume 

of the metric 1-ball in the Euclidean space M^". Thus for any e > we can find a p ^ 1 
and a A;(p) ^ 1 such that for any k > k{p) we have 

Volg,^(5g^^,(xfc,p)) 



W2„p2" 



< e. 



By the proof of Theorem 3.2 in [3], we see that there is a uniform lower bound < 
Ph < p (independent of s^) for the harmonic radius of cjs^. at Xk i.e., there are harmonic 
coordinates h^, - ■ ■ , /i^" on Bg^^{xk, ph) such that gs^. = 'Y^gsf.^ijdh'^dy , 

2~\5,,) < a,,,,) < 2(5,,), p'^''\\9s„^j\\c^.^ < 2, 

where a G (0, 1). Furthermore, by Ricci flatness there are constants C/ > independent 
of k such that 

||(7sfc,iil|c' < Ci 

on Bg^^{xk,^) (cf. Section 4 in jl]). Hence the sectional curvature Sec^^^ of Qs^, on 
Bg^^{xki ^) and the injectivity radius ig^^ixk) have uniform bounds. 



sup |SeCg,J<A, ig^^{xk)>i, 
where A and l are two constants independent of k. 



In the rest of proof of Lemma 15. we need the following theorem. 

Theorem 5.2. Let {M,g,u) be a complete Kdhler n-manifold, and p G M. Assume 
that the sectional curvature Sec^ satisfies 

sup SeCg < A, A > 0, 

and there is a complex subvariety E of dimension m < n such that p belongs to the 
regular part of E . Then 

Volg{Bg{p,r)nE)>wr^^, 
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for any r < min{ig{p), ^^}, where ig{p) denotes the injectivity radius of g at p, and 
w = w{m, A) is a constant depending only on m and A. 



Note that similar volume comparison results were obtained for smooth minimal sub- 
manifolds in [H] and [23], for complex subvarieties of C" in [25], and for minimal currents 
in (cf. [12]). Since the authors could not find a proof of Theorem 15 .21 in the literature, 
we shall present a proof at the end of this section. 

By Theorem 15.21 and taking r = min{i, ^}, we obtain 

where C > is a constant independent of k. On the other hand, since lim[c(}s] = 
7r*ci(£)|A/o in H^'\M,R), we have 

lim Vo\-g(7i-\S)) = y lim —^—r. [ ouf"''"'''' = 0, 



k- 

which is a contradiction. 

Note that by i) {X\Sx, dx) coincides with the length metric structure {X\Sx, dd^.). 
Consequently, / : {X\Sx,dx) {Mo\S,dg) is an isometry, and this implies iii). □ 

Lemma 5.3. Let (X,dx) be as in Lemma \5.1[ and let (Mk, gk,u}k) be any family of 
Ricci-flat Kdhler n- dimensional manifolds satisfying 

i) 

^limVol,,(M,) = lcn£o), 
ii) there is a family of embeddings Fj. : Mq\S — )■ such that 

^k9k ~^ 9^ s-iid Fj^Uk — OJ, when /c — )■ oo, 

in the C°°-sense on any compact subset K CC Mq\S . 

Then 

{Mk,gk)'^{X,dx)t^{M,gs,). 



Proof. By Lemma 15. ![ there is a homeomorphic local isometry / : {X\Sx,dx) 
{Mo\S,g). For an x G X\Sx, ii) of Lemma [573] implies that 'Vo\g^{Bg^{Fk{f (x)) , 1)) > v 
for a constant v > independent of k. For any 1 < i? < diamgj,(Mfc), Lemma 12.31 
(Lemma 2.3 in [13]) shows that 

Vo\g,iBg,iFkifix)),2R + 2)) 



R<l + 2n- 



Vol,,(5,,(F,(/(x)),l)) 
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By taking R = idiamgj.(Mfc), we obtain that 

diamg,(M,.) < 2 + Anv^'^c'liCo)- 

By the Bishop-Gromov relative volume comparison, {Mk,gk) is non-collapsed, i.e., there 
is a constant k, > independent of k such that for any metric ball Bg^{p,r) C 

(5.4) Vo\,,{B,^{p,r))>Kr'\ 

Gromov's pre-compactness theorem implies that a subsequence of {(M^, g^)} rfcj:^- converges 
to a compact length metric space (y, dy). Following the proof of Theorem 4.1 in [18] 
with a minor modification will prove that (F, dy) is isometric to {X,dx)- Because of 
this, we only present a sketch of the proof. 

First, the same arguments as the proof of Lemma 4.1 in [38] imply that there exists 
an embedding ip' : {Mo\S, g) — ?■ (Y, dy) which is a local isometry. Hence ip = ip' o f : 
{X\Sx,dx) — !■ {y,dY) is a local isometric embedding. Thus, if 7 is a geodesic in 
{X\Sx,dx), then ipi^j) is a geodesic in (■?/j(X\5'x), (iy). For any Xi,X2 G X, and two 
sequences {xij}, {x2j} C X\Sx converging to Xi and X2 respectively, there are curves 
7j connecting Xij and X2j in X\Sx with length^(7j) < dx{xij,X2j) + j by Lemma [5?T| 
which implies 

(5.5) dY{ij{xij),ij{x2,j)) < length^y(?/;(7j)) = lengthg(7j) < rfx(xij,X2j) + j. 

If Xi = X2 = x, both {'ipixj)} and {'^/'(a;^)} are Cauchy sequences, and converge to the 
same limit y in Y. By defining ipi^x) = y, ip extends to a continuous map ip : X — > Y 
such that ipi^X) C F is closed. 

Uip{X) C Y, then there is a metric ball ^^^(y, 5) CC F\^A(X) for a 5 > 0. By f lSTT]) . 
( 15. 4p . and the volume convergence theorem due to Cheeger and Colding (cf. [9], [TO]), 
we derive 

7{2"(y) = n^^(X) = Vo\g{X\Sx) and ^'"(5^^ (y, 5)) > k^^", 
where denotes the 2n-dimensional Hausdorff measure. Thus 

^2n^Y) > 7{2"(^(x\5x)) +H2"(fid,(2/,5)) > Vo\g{X\Sx) + > n'^iY), 
a contradiction. 

To show that ip is an isometry, we first check that ip is 1-Lipschitz. For any xi 7^ 
X2 G X, there are sequences of points {xij} C X\S'x, i = 1, 2, such that dx{xij, Xi) 
when i —J- 00. Thus dY{'>p{xi^j),ip{xj)) -^^ 0, i = 1,2, when j 00. By ( 15. 5p and letting 
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j — 7- oo, we obtain that 

(5.6) dY{i'{xi),^jj{x2)) < dx{xi,X2) 

i.e., ip is a. 1-Lipschitz map. 

Because ip{Sx) [JiIj{X\Sx) = Y, iP{Sx) ^ Y\iP{X\Sx). Since dim^ Sx < 2n - 2, 

n'-~\Y\i^{x\Sx)) < n'^'-'msx)) < n'-~\Sx) = o. 

If there is a j such that g = dx{xij,X2j) — dY{'ip{xij),ip{x2j)) > 0, then by Section 3 
of [11] we see that there is a curve 7 connecting ip{xij),ip{x2j) in ■ip{X\Sx) and 

dx{xi,j,X2j) < length^^(?/^-^(7)) = length^y(7) < dy(?/'(xij), ^/^(xaj)) + ^g, 

a contradiction. Then dx{xij,X2,j) = dY{ip{xij),ip{x2j)) and thus by letting j — )■ 00, 
we obtain that 

dY{'4!{Xi),^jj{x2)) = dx{Xi,X2). 

By now, we have proved that ip : (X, dx) — >■ {Y, dY) is an isometry. □ 

After the above preparation, we are ready to prove Theorem II. H Theorem 11.21 and 
Corollary 11.51 

Proof of Theorem \l.l\ Let Mq, vr : — )• A, /Cx/Aj gt, Wf, (M, vr), (js, oUg be as 

in Theorem 11.11 

Note that 

hm Volg,(M) = ^c^(£)|a/„ = ^cUC)\m. = Vol^,(M,). 

By [55], 

(js — ¥ 7t*g, and — > 7i*uj, when s — )■ 0, 

in the C°°-sense on any compact subset K dC M\k~^{S). By (15.21) and Ricci flatness, 
we apply Gromov's compactness theorem to conclude that for any sequence Sfc — )■ 0, a 
subsequence of {M,gsJ dcH-conveTges to a compact path metric space {X,dx), which 
satisfies the conclusion of Lemma 15. 1[ By Lemma 15. 3[ for any other sequence s'^ — 0, 
{M,gs'^) c/c/f-converges to {X,dx) too. Thus 

\imdGHm,gs),iX,dx)) = 0. 



By Theorem 11.41 

F^gt — !■ g, and F^ut — > ou, when t — > 0, 
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in the C°°-sense on any compact subset K dC Mq\S, where Ft : Mq\S — Mj is a family 
of embeddings. By Lemma 15.31 and the fact that the hmit is independent of convergent 
subsequences, we obtain the conclusion, 

\imdGHmt,9t),iX,dx)) = 0. 

□ 

The same argument in the proof of Theorem 11.11 also gives a proof of Theorem II. 2[ 

Proof of Corollary \1.5\ Let M be a Calabi-Yau manifold, and let Us {s G [0,1]) be a 
family of Ricci-flat Kahler forms. It is clear that Ug converges to Uq when s in the 
C°°-sense, which implies that WIm is path connected in (X, ^gh)- Let n' : Ai ^ A he 
a smooth family of Calabi-Yau manifolds over the unit disc A C C with an ample line 
bundle C on Ai, and let Ut be the unique Ricci-flat Kahler form on -7r'~^(t) = Mt with 
uJt G ci{C)\Mf It is standard that F^ujt converges to uo in the C°°-sense, when t — 0, 
where Ft : Mq — )■ Mt is a smooth family of diffeomorphisms. Thus, if vr' : — )■ P is a 
smooth family of Calabi-Yau manifolds over connected complex manifold T>, then 

Mt=TT'-'^{t),t&V 

is path connected. 

Note that Calabi-Yau manifolds are minimal models. If M and M' are two bira- 
tionally equivalent three-dimensional Calabi-Yau manifolds, then M and M' are related 
by a sequence of flops (cf. [37] [38]), i.e., there is a sequence of varieties Mi, ■ ■ ■ , such 
that M = Ml, M' = Mfc, and Mj+i is obtained by a flop from Mj. Consequently there 
are normal projective varieties Mq i, ■ ■ ■ ,Mo,fc_i, and small resolutions ttj : Mj — )■ Mqj 
and 7f^ : Mj — )■ Moj_i. By [37], Mj has the same singularities as M, and thus Mj is 
smooth. Since the exceptional locus of vfj and are of co-dimension at least 2, Mqj 
has only canonical singularities, and the canonical bundle of Mqj is trivial (cf. Corol- 
lary 1.5 in [M]). Therefore Mqj is a three-dimensional Calabi-Yau variety, and Mj is a 
three-dimensional Calabi-Yau manifold. By Theorem II. 2 [ for any j > 0, 

is path connected, where TImj denotes the closure of TIm^ C (X, don)- By now we have 
proved i) of Corollary 11.51 

Let Mq be a three-dimensional complete intersection Calabi-Yau conifold in CP™^ x 
• ■ ■ X CP™', and M be a small resolution of Mq, which is a three-dimensional complete 
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intersection Calabi-Yau (CICY) manifold in products of projective spaces. By Theorem 
11.11 we see that 

MeS)(Mo) 

is path connected, where 2)(Mo) denotes the set of three-dimensional CICY manifolds 
in CP™! X ■ ■ ■ X CP"*' obtained by a smoothing of Mq. If M and M' are two three- 
dimensional CICY manifolds in products of projective spaces, then by [21] M and M' are 
related by a sequence of conifold transitions, or inverse conifold transitions. Precisely, 
there is a sequence of three-dimensional CICY manifolds Mi , ■ ■ ■ , Mk with M = Mi and 
M' = Mfc such that for any 1 < j < A;, there is a three-dimensional CICY conifold Mqj 
in some CP"*! x ■ ■ ■ x CP™', M,- is a small resolution of Mqj and M^+i G D(Moj), or 
vice versa M^+i is a small resolution of Mqj and Mj G S)(Moj). Thus ii) of Corollary 
11.51 is followed i.e., is path connected. 

In [5] and (TB], many complete intersection Calabi-Yau 3- manifolds in toric varieties 
were verified to be connected by extremal transitions, which include Calabi-Yau hyper- 
surfaces in all toric 4-manifolds obtained by resolving weighted projective 4-spaces. Let 
CTq be the set of the above Calabi-Yau 3-manifolds with Ricci-flat Kahler metrics of 
volume 1. By Theorem II. H the closure CTq is path connected. Note that a quintic in 
CP^ with Ricci-flat Kahler metric of volume 1 is in (t%o f] Thus iii) of Corollary [13] 
is obtained. □ 



Now we give a proof of Theorem 15.21 which can be viewed as a combination of the 
proof of Theorem 2.0.1 in [23] and the proof of Theorem 9.3 in [42j . 



Proof of Theorem \5.B, For any r < min{zg(p), ^^}, there are normal coordinates such 
that g = dp^ + Qp on Bg{p, r) where Qp is a Riemannian metric on dBg{p, p), < p < r. 
Let f{q,p) = expp£(exp-^g) for any q G dBg{p,r). Then / : dBg{p,r) x (0,r] -> 
Bg{p,r)\{p} is a diffeomorphism. For any w G Tq{dBg{p,r)), it is clear that J(p) = 
df\ip,q)'w is a normal Jacobi field along the geodesic 7(p) = f{q,p) with J(0) = and 
J(r) = w. A standard Ranch comparison argument shows that 



sin^Ap sinVXp 

|^(P)I3P < 7^\Jir)\g^ = 

smvAr smvAr 



9r) 



(cf. Lemma 2.0.1 [23]). Thus the norm of the differential df\gBg{p^r)x{p} corresponding 
the metric gr on dBg{p, r) x {p} and Qp on dBg{p, p) satisfies 

sin a/Ap 



M/|aBg{p,r)x{p}| < 



sm 
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which imphes 

(5.7) g, < . 2 fjr 9r. 

sm V Ar 

Denote 

Q{r) = Yo\g{Bg{p,r)nE). 

Since 0(r) is monotonically increasing, 0'(r) exists for almost all r. By 4.11(3) in |12], 
we have 

H'^~\dBg{p,T)r}E)<Q\T). 

Let C = {dBg{p, r)(lE) X (0, r] C dBg{p, r) x (0, r] = Bg{p, r)\{p}. By Fubini's theorem 
and (15. 7p . we see that 



nf^iC) = I 'Hl^"\dBg{p,r)nE)dp 



< nl--\dBg{p,r)nE) PMt 

Jo sm V Ar 

Since ii^ is a complex subvariety, is a volume minimizer and thus 



e(r) < nl^ic) < 1 V Q 



Therefore 

d / 0(r) 



> 0. 



c^r sin^^-iyXprfp^ 
Since p is a smooth point of E, 

y e(f) 

hm — — - — 1= = C, 

sin^"^-^ y/Apdp 

where C is a constant depending only on A and m. Thus 

e(r) > C / sin^"*-^ VXpdp > w 
Jo 



□ 
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Appendix A. Gromov-Hausdorff Convergence of Compact Metric Spaces 



In the proof of Theorem I4.H we freely used some basic properties of the Gromov- 
Hausdorff convergence of compact metric spaces. For the convenience of readers, we will 
briefly recall related notions and proofs of these properties (cf. |46]). 

Let (Z, d) be a metric space, and let denote the set of all compact subsets of Z. 
For A,B & , the Hausdorff distance of A and B is 

dniA, B) = inf{e, U,{A) D B, U,{B) D A}, 

where Ue{S) denotes the e-neighborhood of S. Then [C^^du) is a complete metric 
space. The Gromov-Hausdorff distance can be viewed as an abstract extension of dn 
on X: the space of isometric classes of all compact metric spaces. For X,Y & X, the 
Gromov-Hausdorff distance of X and Y is 

dcniX, Y) = 'mi{dfj{X, Y), 3 isometric embeddings, X,Y ^ Z, a metric space}. 

z 

In the above definition, one can consider the disjoint union that Z = XW^Y with an 
admissible metric d, i.e., a metric on Z such that the restriction on X (resp. Y) is the 
metric on X (resp. Y). 

It is not hard to check that dcuiX^Y) = if and only if X is isometric to Y and 
dcH satisfies the triangle inequality. Hence, (X, dcu) is a metric space. 
In the proof of Theorem 14.11 the following proposition is used. 

Proposition A.l. Given {Xj} in X such that dcHi^i, ^i+k) < 2~* for all i and k, let 
Y = Y[X,. 

i 

i) There is a metric dy on Y such that the restriction of dy on each Xi is the metric on 
Xi and {Xi} is a Cauchy sequence with respect to dy.u- 

ii) Let X he the collection of equivalent Cauchy sequences, {{xj}, Xi G Xi], equipped 
with the metric d{{xi}^{yi}) = lim dyixi^yi). Then "KJJX has an admissible metric 

i—^oo 

defined by d{x, {xi}) = lim d{x,Xi). 

Hi) For all e > 0, X has a finite e-dense subset (thus the completion of X is compact), 
iv) dniXijX) — 7- as i — )■ oo. 

Proof, i) We first take, for each i, an admissible metric (ii.i+i on AjJjXj+i such that 
di^i_i_i(Xj, Aj+i) < (iGH(Xj, Xj+i) +2^* < 2^*+-*^. We then extend {rfj^j+i} to an admissible 
metric on Y by defining, for each pair an admissible metric di^i+j on Xj]jXj+j, 
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as follows: 

(iy(xj, Xj+j) = inf {/ ^di+k,i+k+i{xi+k, Xj+k+i)}- 

It is straightforward to check that dy satisfies the triangle inequality. Then {Xj} is a 
Cauchy sequence with respect to dyM, because for all j, 

dY,H{Xi, Xij^j) < dy^Hi^i, Xi+i) + ■ ■ ■ + dy^ni^i+j-l, ^i+j) 

< 2"*+^ + + ■ ■ ■ + 2^^^^'+^ 

< 2-*+2_ 

Note that (Y, dy) may not be complete, and if not, the unique limit point is the desired 
limit space X. 

ii) Consider a subset of Cauchy sequences in Y, 

X = {{xi} : Xi & Xi is a. Cauchy sequence in y}, 

and define a pseudo- metric on X, 

d{{xi},{yi}) = lim dy{xi,yi), 

where the existence of the limit is from 

\dy{xi,yi) -dy{xj,yj)\ < dy{xi,Xj) + dy{yi,yj) -^0 as z, j oo. 

Then d yields a metric on the quotient space X = X/ ~, where 

{xi} ~ {yi} iff di{xi}, {yi}) = 0. 

We now define an admissible metric on X ]J F by declaring 

d{{xi},y) = lim dy{xi,y). 

(Because \dy{xi,y) — dy{xj,y)\ < dy{xi,Xj), dy{xi,y) is a Canchy sequence.) Since 
d{{xi},y) > dy{xk,y) for some Xk G {xi}, d is indeed a metric (because dy{xk+j,y) > 
dy{xk,y) > 0). 

iii) Given e > 0, we will construct a finite e-dense subset of X as follows: choose i 
so that 2~* < |. Because Xj is compact, we may assume a finite |-net, {xj, of 
Xi. Let xj_^_i, xl_^_i G Xj+i such that d{xl,xl_^_i) < 2 Let xj_^_2, ■■■,xl_^_2 G Xj_|_2 such 
that d{xl^i, xl_^_2) < 2^*"^. Repeating this, we obtain, for each k, xj_^_j^, ...,xl_^_f, G Xj+fc 
such that d{xl_^_l^_-^^, xl^f^) < 2^'^^'^^^. For each 1 < j < ^, it is clear that is a 
Cauchy sequence, that is, {xl^f.}'^^i G X. Moreover, for each 1 < /c < oo, x}_^f,, 

is ^-dense in Xj+fc. This is because for any x G Xj+fc, we can choose x' G Xj such 
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that d{x,x') < 2 \ and let G {x^} such that d{x',xl) < |. Then d{x,xl^f^) < 
d{x, x') + d{x', xl) + d{xl xl^ < I + 2 ■ 2- < |. 

Finally, we check that {{x}_^_f.}'kLly ---^ {Xi+k}T=i} e-dense subset in X. Given 

any {yk} G X, we may assume that for a large k, d{yi:,yk+j) < f • Since {xl, .■.,xl} is a 
y-net for X^, we may assume that d{yk,xf,) < Then 

d{yk+j, xl+j) < d{yk, yk+j) + d{yk, xl) + d{xl, xl^j) <- + — + - = e, 

and thus d{{yk}, {xl}) < e. 

iv) We shall show that for any e > 0, B^{X) D Xj and B^{Xi) ^ X for all large i. 

For any e > 0, let 2^*+-*^ < e. For Xj G Xj, from the condition that di^i^j^ni^i, ^i+j) < 
2~*+\ we define a sequence yk G such that d{yk,yk+j) < 2"^^^ and yi = Xi (we can 
choose yi,...,yi-i arbitrarily). Clearly, {yk} is a Cauchy sequence and d{xi,{yk}) < 
2-^+1 < e. This show that Xi C B,{X) for z > ^ + 1. 

For any {xi} G X, for z large, we can assume that d{xi, {xj}) < e. Note that this does 
not give B^{Xi) ^ X, because how large i is may depend on {xj} in X. To overcome 
this trouble, by iii), we can assume a finite |-dense subset, {y}}'^i, {yi}'^i, for X. 
For each 1 < j < i*, we may assume some Nj such that for i > Nj, diyl, {yl}) < | and 
2"*"*"^ < |. Let X = max{Xi, Ni}. For any {xi} G X, we may assume some 1 < j < i 
such that d({xi}, {y^ }) < f - From the above, for each i > N, 

d{yi,{x,})<d{yi,{yn) + d{{yl},{xi})<e, 

and thus X C B,{X,). □ 



A direct consequence of Proposition lA.ll is that (X, don) is a complete metric space. 

A by-product of the above proof is that an abstract convergent sequence, X, ^X, 
can be realized as a concrete Hausdorff convergence, dniXi, X) — !■ 0, in ]J Xj ]J X with 
an admissible metric d. In particular, it makes sense to say that Xi G Xj,Xj -> x G X 
because d{x, Xi) — )■ 0. 
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Appendix B. Estimates for Volume Forms 
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by MARK GROsd] 

Theorem B.l. Let n : Ai ^ A be a flat projective family of n- dimensional Calabi-Yau 
varieties, with Mt = 7r^^(t) non-singular for t ^ and Mq = 7r~^(0) a variety with 
canonical singularities. After embedding the family Ai in CP^ x A, let Ut denote the 
restriction of the Fubini- Study metric on CP^ to Mt. Furthermore, let Q be a nowhere 
vanishing holomorphic section of the relative canonical bundle ICj^/^, and set Qt = ^livu- 
Then 

i) There is a k independent oft such that 

ii) There is a constant A independent of t such that 

(-1)^ / ntA^t<A. 

JMt 

Proof. For i), we use an argument similar to that in [18], Lemma 6.4. Let A^^*" denote 
the set of points of Ai where vr is smooth, i.e., the set of points where M. is non-singular 
and TT* is surjective. Let p G be a point, and consider an open neighbourhood Up of p 
which embeds into C^"*^^ via l : Up C^^"*^, with coordinates t, Zi, . . . , z^. The Fubini- 

N 

Study form is comparable to a; = a/^^ dzi A dzi, so we can assume that locally Ut is 

i=l 

the restriction of u to UpdMt. Now = n!(— 1) 2" ^ dzj Adzj, where the sum is over all 

index sets / C {1, . . . , A^} with = n. Now as L*[dzi) is a relative holomorphic n-form 
on Up n A^**", there is a holomorphic function // on Up fl A^*™' such that L*{dzj) = fjQ. 
Note that since Al is necessarily normal and AiyAl*™ is codimension > 2, we can apply 
Hartog's theorem for normal analytic spaces to extend // to a holomorphic function on 
Up. Thus 

On an open neighbourhood CC Up oi p, |//| is bounded. This gives the desired result. 

For ii), we need to apply some standard results from Hodge theory. After making a 
base-change A — t- A given by t t— ?■ t'' for some k, we can assume that the monodromy 
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operator T about the origin acting on iJ'"(Mjp,C) is unipotent, i.e., (T — J)™ = for 
some m. Here to ^ A* = A \ {0} is a fixed basepoint. Let 

iV = log(T-/); 

tfiis makes sense via the power series expansion. By the stable reduction theorem [35], 
one has a diagram 



A 



in which rj is an isomorphism outside the central fibre and vr is normal crossings, i.e., 
locally around points of Mq = 7f~^(0) there are coordinates zi,...,Zn+i on JH such 
that t = Zi - ■ ■ Zp for some p < n + 1. One has the sheaf f2^(logMo) of logarithmic 
differentials on Ai locally generated by . . . , dzp+i, . . . , dzn+i, and the sheaf of 




relative logarithmic diffentials f2^^^(logMo) is obtained by dividing out by the relation 
y = 0. It is standard (see for example the book [H] for the full background used here) 
that r2~^^(logMo) is a rank n vector bundle, and if X is an irreducible component of 

Mo, then fi^^^(logMo)U = ^xi^ogdX), where dX = X nS, and S is the singular 

set of Mq. One then obtains the logarithmic de Rham complex r2~^^(log Mq), with 

Q^~^^{log Mq) the p-th exterior power of the sheaf of relative log differentials, and the 
differential d is the ordinary exterior derivative. In particular, we have the line bundle 

By {54], Theorem 2.11, vr^ri ~^^(log Mq) is a vector bundle whose fibre over t 7^ is 
H^{Mt, JCmi)- Hence this is a line bundle. On the other hand, by assumption on Ai, 
^A4/A — and so tt^Km/a is also a line bundle. Let be the largest open set so 
that 7]^^{M") M° is an isomorphism, and let i : — )■ be the inclusion. Then 
the codimension of \ AA° in M. is at least two. Since \ A^'^"^ has codimension at 
least two, M. \ (Al*™ fl has codimension at least two. We have a composition of 
canonical sheaf homomorphisms 

r^.Qr~^^{\ogM,) ^ z,rr/,(]^/^(logMo) = 1Cm/a, 

the latter isomorphism by Hartog's theorem and the fact that the isomorphism holds 
over Al^™ n Al°. Applying then gives a map 

(B.l) 7f.O^/^(logMo) ^ t^Xm/a. 
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This map is an isomorphism over A*, and hence is necessarily an inclusion of sheaves. To 
show it is in fact an isomorphism, we need to show that any section of /Cx/a|mo = A^Mq 
comes from a section of f2~^^(log Mo)!^^. To see this, let Xq be the proper transform 

of Mq in Mq. Then rjQ : Xq — Mq is a resolution of singularities, and since Mq has 
canonical singularities, we have 

E 

where the sum is over all exceptional divisors E of rjQ and a^; > 0. (Note a^; is an integer 
since Mq is Gorenstein). On the other hand, f2^^(log9Xo) is /Cxo + where the sum 

E 

is again over all exceptional divisors of ijq. So 770^^0, viewed as a section of f2^^(log OXq), 
has a zero of order at least 1 along each exceptional divisor E. Thus tIqQq extends by 
zero to a section of f2~^^(logMo)|j^^. Thus f IB.ip is surjective, hence an isomorphism. 

We now recall some standard material concerning the limiting mixed Hodge structure 
and the nilpotent orbit theorem. Denote by "H" the vector bundle ]R"-7r*r2~^^(logMo). 
The fibre of this bundle at t is isomorphic to H^{Mt, C). This bundle comes along with 
the Gauss-Manin connection, which is fiat with a regular singular point at G A. 

Let j : — 7- A* be the universal cover, with H the upper half-plane, with co- 
ordinate w = 271-^-1 t- Then j*'H"' is now canonically identified with the trivial 
bundle H x H"'{Mtg,C) via parallel transport by the Gauss-Manin connection. If 
e G H"-{Mtg,C), one obtains a constant section cTg of j*?/" by parallel transport, and 
then e'^'^CTg descends to a single- valued section of "H" over A*. The bundle is then 
the canonical extension of H^Ia*? i-e., the extension in which, for a basis ei, . . . ,6^ of 
i7"'(Mtg, C), e""'^crei, . . . e~"'^(Te„ form a holomorphic frame. In particular, there is an 
isomorphism of the fibre = ir{Mo,n'~^^{\ogMo)\^^_^) with if"(Mf(,, C), isomorphic 
to the space of fiat sections of j*'H"'. 

We also have an inclusion 

The fibre of J-"" over G A is J-'i"^^ C H"'{Mtg, C) under the above isomorphism, a piece of 
the limiting mixed Hodge structure. In particular, the value of the holomorphic section 
fl of vr*/C_A4/A at under the isomorphism ( IB. II) defines a class fium G J^il^^a- 

We now apply the nilpotent orbit theorem (see e.g., [26], Chapter IV, for an exposition 
of this material). Let cj) : H ^ P(i7"(Mt(,, C)) be the period map, with, for w & H, 
(f){w) being the one- dimensional subspace {j*J^^)w ^ {i*'H^)w = H'^iMt^^C), the latter 
identification via the Gauss-Manin connection. Then e-"'^0 : H P(i/"(Mto, C)) 
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descends to a map : A* — P(iJ"(Mto, C)) which in turn extends across the origin, 
with V(0) = [fiiim]- The nilpotent orbit is the map 0"' : H P(iJ"(Mto, C)) given by 

The nilpotent orbit theorem states that 0™' is a good approximation to 0, i.e., with a 
suitable metric on F{H"'{Mt^,C)) inducing a distance function p, we have constants A 
and B such that for Imty > A > 0, 

This implies that J^j^ Qt A Clt is bounded independently of t near provided that 
Lito ^'"^^lim ^ e'^^fiiim is bounded for Imu; > A. 

Now we apply the argument of Proposition 2.3 and Theorem 2.1 of [5H]- The argu- 
ment of Proposition 2.3 tells us that Mq has an irreducible component (in fact Xq) with 
i/"'°(Xo, C) 7^ 0. Thus, by the first hue of the proof of Theorem 2.1, iVJ"^ = 0. So in 
particular, e^'^Qu^a = ^um, giving the desired boundedness. □ 
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